On the direct product of fields with a geometric application by Tarizadeh, Abolfazl
ar
X
iv
:1
91
1.
04
21
7v
1 
 [m
ath
.A
C]
  1
1 N
ov
 20
19
ON THE DIRECT PRODUCT OF FIELDS WITH A
GEOMETRIC APPLICATION
ABOLFAZL TARIZADEH
Abstract. In this paper, some new results on the direct product
of fields are obtained. In particular, it is shown that every set X
can be made into a separated scheme, and this scheme is an affine
scheme if and only if X is a finite set.
1. Introduction
The structure of prime ideals of an infinite direct products of commu-
tative rings (even fields) is amazingly complicated, and including huge
number of prime ideals. In the papers [1] and [3]-[7] these rings have
been investigated and some results have been obtained. But there is a
pressing need for new constructions and approaches in order to under-
stand the structure of prime ideals of these rings more deeply. There
are some hopes in order to realize these goals. For instance, the space
Spec(Λ) is the Stone-Cˇech compactification of the discrete space X
where the ring Λ is the direct product of a family fields indexed by X .
(It worths to mention that in [8, Theorems 4.5 and 6.4] we improve
this result). This important result was one of the main motivations in
writing the present paper, another motivation comes from a geometric
point of view. In fact in this paper, after studying some basic prop-
erties of the ring Λ, then as an application of this study we introduce
a new class of schemes. Indeed, we assign to every set X a separated
scheme structure whose structure sheaf is obtained by the direct prod-
uct of fields. It is shown that this scheme is an affine scheme if and
only if X is a finite set, see Theorem 4.2. Theorems 3.1, 3.4, 3.6 and
3.8 are another main results of this paper.
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2. Preliminaries
Throughout this paper, Λ =
∏
x∈X
Kx where each Kx is a field. For
each f = (fx) ∈ Λ, the subset Supp(f) = {x ∈ X : fx 6= 0} is simply
denoted by S(f).
If X is a set then its power set P(X) together with the symmetric
difference A+B = (A∪B)\(A∩B) as the addition and the intersection
A.B = A ∩ B as the multiplication forms a commutative ring whose
zero and unit are respectively the empty set and the whole set X . The
ring P(X) is called the power set ring of X . If f : X → Y is a func-
tion then the map P(f) : P(Y ) → P(X) defined by A  f−1(A) is a
morphism of rings. In fact, the assignments X  P(X) and f  P(f)
form a faithful contravariant functor from the category of sets to the
category of Boolean rings. We call it the power set functor. By Fin(X)
we mean the set of all finite subsets of X , it is an ideal of P(X).
If Fun(X,K) is the set of all functions from a set X to a field K,
then this set with the usual addition and multiplication of functions is
a commutative ring. This ring is canonically isomorphic to
∏
x∈X
K. If
f : X → Y is a function then the induced map Fun(f) : Fun(Y,K)→
Fun(X,K) given by g  g ◦ f is a morphism of rings. So Fun(−, K)
is a faithful contravariant functor from the category of sets to category
of commutative rings.
The map P(X) → Fun(X,Z2) given by A  χA is an isomorphism
of rings where χA is the characteristic function of A and Z2 = {0, 1}.
If f is a member of a ring R then by (f) we mean the ideal of R
generated by f .
It is well known that a scheme (X,OX) is a separated scheme if and
only if for every affine opens U and V of X then U ∩V is an affine open
and the canonical ring map OX(U)⊗R OX(V )→ OX(U ∩ V ) given by
s⊗ t (s|U∩V )(t|U∩V ) is surjective where R = OX(X).
3. Algebraic results on Λ
In this section we obtain some interesting results on the ring Λ.
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It is easy to see that the map Λ → P(X) given by f  S(f) is
multiplicative that is, S(fg) = S(f) ∩ S(g) for all f, g ∈ Λ. But it is
not additive. In fact, S(f) + S(g) ⊆ S(f + g) ⊆ S(f) ∪ S(g).
Theorem 3.1. If f, g ∈ Λ then the following hold.
(i) (f) = {h ∈ Λ : S(h) ⊆ S(f)} and the ring Λ/(f) is canonically
isomorphic to
∏
x∈X\S(f)
Kx.
(ii) (f) = (g) if and only if S(f) = S(g).
(iii) Every ideal of Λ is a radical ideal.
(iv) D(f) ⊆ D(g) if and only if S(f) ⊆ S(g).
Proof. (i) : If S(h) ⊆ S(f) then h = h′f where h′x is either hxf−1x
or 0, according as x ∈ S(h) or x /∈ S(h). To see the isomorphism
consider the canonical projection ϕ : Λ → ∏
x∈X\S(f)
Kx given by h  
(hx)x∈X\S(f). This ring map is surjective and Kerϕ = (f).
(ii) : It follows from (i).
(iii) : Let I be an ideal of Λ. If f ∈ √I then there exists some n ≥ 1
such that fn ∈ I. But S(fn) = S(f). Thus by (ii), f ∈ (fn) ⊆ I.
(iv) : It follows from the fact that D(f) ⊆ D(g) if and only if f ∈√(g).

It is obvious that f is invertible in Λ if and only if S(f) = X .
Let F(Λ) be the set of all f ∈ Λ such that S(f) is a finite set. Then
F(Λ) is an ideal of Λ and it is generated by the sequences ∆x = (δx,y)y∈X
where δx,y is the Kronecker delta. Indeed, if f ∈ F(Λ) then we may
write f =
∑
x∈S(f)
rx∆x where rx is the sequence in Λ whose xth compo-
nent is fx and the other components are zero.
Proposition 3.2. Let R =
∏
x∈S(f)
Kx and R
′ =
∏
x∈S(g)
Kx where f, g ∈ Λ.
Then the following hold.
(i) If S(f)∩S(g) = ∅ then the ring ∏
x∈S(f)∪S(g)
Kx is canonically isomor-
phic to R× R′.
(ii) The Λ−algebras R⊗ΛR′ and
∏
x∈S(fg)
Kx are canonically isomorphic.
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(iii) The Λ−algebras Λ/F(Λ)⊗ΛR and R/F(R) are canonically isomor-
phic.
Proof. (i) : Easy. (ii) : Consider the sequence h ∈ Λ where hx is
either 0 or 1, according as x ∈ S(g) or x /∈ S(g). Then by Proposition
3.1 (i), the ring R′ is isomorphic to Λ/(h). Then we have the following
isomorphisms of rings:
R⊗Λ R′ ≃ R/(h)e
where (h)e is the extension of (h) under the canonical projection Λ→
R. But the canonical projection R→ ∏
x∈S(fg)
Kx is surjective and whose
kernel is equal to (h)e.
(iii) : It is proved exactly like (ii). 
The above theorem in particular yields the following result which
deserves to mention at here.
Corollary 3.3. If A,B ∈ R = P(X) then the following hold.
(i) If A ∩ B = ∅ then the ring P(A ∪ B) is canonically isomorphic to
P(A)× P(B). In particular, R ≃ P(A)×P(Ac).
(ii) The ring P(A+B) is canonically isomorphic to P(A\B)×P(B\A).
(iii) The R−algebras P(A∩B) and P(A)⊗RP(B) are canonically iso-
morphic. In particular, P(A)⊗R P(Ac) = 0.
(iv) The R−algebras R/Fin(X)⊗RP(A) and P(A)/Fin(A) are canon-
ically isomorphic. Specially, if A is a finite set then R/Fin(X) ⊗R
P(A) = 0. 
It is easy to see that every prime ideal of Λ is a maximal ideal. It
follows that for each x ∈ X then mx = {f ∈ Λ : fx = 0} is a max-
imal ideal of Λ and it is generated by the sequence 1 − ∆x. In fact,
f = f(1−∆x) for all f ∈ mx.
Theorem 3.4. For a set X the following statements are equivalent.
(i) X is a finite set.
(ii) The zero ideal of Λ is a finite intersection of maximal ideals of Λ.
(iii) The maximal ideals of Λ are precisely of the form mx where x ∈ X.
(iv) Λ is a noetherian ring.
(v) Λ is an Artinian ring.
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Proof. (i)⇒ (ii) : For any set X we have ⋂
x∈X
mx = 0.
(ii) ⇒ (i) : By the hypothesis there exists a finite set {M1, ...,Mn} of
(distinct) maximal ideals of Λ such that
n⋂
k=1
Mk = 0. We shall prove
that X has (at most) n elements. Choose some x1 ∈ X then there ex-
ists some k, say k = 1, such thatM1 ⊆ mx1 . This yields thatM1 = mx1 .
If X \{x1} is the empty set then we are done, otherwise we may choose
some x2 ∈ X \ {x1}. Then there exists some k ∈ {2, ..., n}, say k = 2,
such that M2 = mx2 . Hence, in this way we may find (distinct) ele-
ments x1, ..., xn ∈ X such that Mk = mxk for all k. If X \ {x1, ..., xn}
is non-empty then choose some x in it. As above there exists some k
such that mx = mxk . Therefore x = xk, a contradiction. Thus X has
(at most) n elements.
(i)⇒ (iii) : LetM be a maximal ideal of Λ. We may write 1R =
∑
x∈X
∆x
since X is a finite set. But 1R /∈ M . Hence there exists some x ∈ X
such that ∆x /∈M . It follows that 1−∆x ∈M and so mx =M .
(iii) ⇒ (iv) : By the hypothesis, every maximal ideal of R is of the
form mx which is a principal ideal. It is well known that if every prime
ideal of a commutative ring is a finitely generated ideal then that ring
is a noetherian ring. Therefore Λ is a noetherian ring.
(iv) ⇔ (v) : It is well known that a commutative ring is an Artinian
ring if and only if it is a noetherian ring and has the Krull dimension
zero.
(iv)⇒ (ii) : It is well known that in a noetherian ring every ideal has
a primary decomposition. Thus there exists a finite set {q1, ..., qn} of
primary ideals of Λ such that
n⋂
k=1
qk = 0. It is easy to see that the rad-
ical of every primary ideal of a ring is a prime ideal. By Theorem 3.1
(iii), every ideal of Λ is a radical ideal. Therefore each qk is a maximal
ideal of Λ. 
Remark 3.5. Let Λ′ be the set of all f ∈ Λ such that S(f) is either
finite or cofinite (i.e., its complement is finite). Clearly 1 ∈ Λ′ since
S(1) = X is cofinite. Let f, g ∈ Λ′. Then clearly fg ∈ Λ′ because
S(fg) = S(f) ∩ S(g). If both S(f) and S(g) are finite then S(f + g) is
finite since S(f + g) ⊆ S(f) ∪ S(g). If S(f) is finite and S(g) is cofinite
then S(f + g) is cofinite because S(f + g)c ⊆ S(f) ∪ S(g)c. Thus in
these cases f + g ∈ Λ′. But if both S(f) and S(g) are cofinite then
f + g is not necessarily a member of Λ′. For example, take X = N and
Kx = Z3 for all x, if fn = (−1)n then f = (fn) ∈ Λ′ but S(1 + f) is
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neither finite nor cofinite, so 1+f /∈ Λ′. Therefore Λ′ is not necessarily
a subring of Λ. One can easily see that Λ′ is a subring of Λ if and only
if Kx = Z2 for all but a finite number of indices x. Hence this reduces
to study the subring of P(X) ≃ ∏
x∈X
Z2 consisting of all subsets of X
which are either finite or cofinite. We have already studied this subring
in [8] and some interesting results have been obtained.
Let T be the set of all f ∈ Λ such that S(f) is cofinite. Then T is a
multiplicative set, and the following result is obtained.
Theorem 3.6. The ring T−1Λ is canonically isomorphic to Λ/F(Λ).
Proof. If f ∈ F(Λ) then consider the sequence g ∈ Λ such that gx is
either 0 or 1, according as x ∈ S(f) or x /∈ S(f). Then clearly fg = 0
and g ∈ T because S(g)c = S(f) is finite. Therefore F(Λ) ⊆ Kerpi
where pi : Λ→ T−1Λ is the canonical ring map. (In fact F(Λ) = Kerpi).
Thus pi induces a morphism of rings ϕ : Λ/F(Λ) → T−1Λ given by
f + F(Λ)  f/1. The image of each g ∈ T under the canonical ring
map Λ → Λ/F(Λ) is invertible. Because consider the sequence g∗ ∈ Λ
where g∗x is either g
−1
x or 0, according as x ∈ S(g) or x /∈ S(g). Then
1 − gg∗ = ∑
x∈X\S(g)
∆x ∈ F(Λ). Thus there exists a (unique) morphism
of rings ψ : T−1Λ→ Λ/F(Λ) given by f/g  fg∗+F(Λ). Then clearly
ψ◦ϕ is the identity and (ϕ◦ψ)(f/g) = (f/1)((ϕ◦ψ)(g/1))−1 = f/g. 
Corollary 3.7. Let M be a maximal ideal of Λ. Then M ∩ T = ∅ if
and only if F(Λ) ⊆ M .
Proof. Let M ∩ T = ∅. It suffices to show that ∆x ∈ M for all
x ∈ X . Suppose there exists some x ∈ X such that ∆x /∈ M . This
yields that 1−∆x ∈M . But this is a contradiction since 1−∆x ∈ T .
Conversely, if f ∈ M ∩ T then ∑
x∈X\S(f)
∆x /∈ M . Thus there exists
some x ∈ X \ S(f) such that ∆x /∈ M . But this is a contradic-
tion since F(Λ) ⊆ M . As a second proof, by Theorem 3.6, we have
{p ∈ Spec(Λ) : F(Λ) ⊆ p} = {p ∈ Spec(Λ) : p ∩ T = ∅}. 
If K = Fq is a finite field then f = f
q for all f ∈ Fun(X,K), since
every element of K satisfies in the equation x = xq.
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Theorem 3.8. If K = Fq is a finite field, then the residue fields of the
ring R = Fun(X,K) are canonically isomorphic to K.
Proof. Let M be a maximal ideal of R. The canonical ring map
pi : K → R/M is injective. Thus R/M has at least q elements. But
every element of R/M satisfies in the equation x = xq. If every element
of an integral domain R satisfies in the equation x = xq, then every
non-zero element of R is a root of the polynomial xq−1−1 ∈ R[x], thus
R has at most q elements. Hence, R/M has exactly q elements, and so
pi is an isomorphism. 
Proposition 3.9. If f : X → Y is a function then the following hold.
(i) ηY ◦ f = Fun(f)∗ ◦ ηX where ηX : X → Spec Fun(X,K) is the
canonical map.
(ii) f is injective if and only if Fun(f) is surjective.
(iii) f is surjective if and only if Fun(f) is injective.
Proof. It is an interesting exercise. 
4. A geometric result
In this section it is shown that every set X can be made into a sep-
arated scheme, and this scheme is an affine scheme if and only if X is
a finite set.
First we define a sheaf of (commutative) rings OX on the discrete
space X by sending each (open) subset U of X into
∏
x∈U
Kx. The re-
striction morphisms of this sheaf are the canonical projections.
Lemma 4.1. If f ∈ Λ then the ring Λf is canonically isomorphic to
OX
(
S(f)
)
=
∏
x∈S(f)
Kx.
Proof. The image of f under the canonical projection pi : Λ →
OX
(
S(f)
)
is invertible in OX
(
S(f)
)
. Hence, there exists a (unique)
morphism of rings pi′f : Λf → OX
(
S(f)
)
such that pi′f (g/f
n) = pi(g)pi(f)−n.
The map pi′f is surjective. If pi
′
f(g/f
n) = 0 then gx = 0 for all x ∈ S(f).
It follows that fg = 0. 
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Then we define the canonical morphism of ringed spaces:
(η, η♯) : (X,OX)→ (Spec(Λ),OSpec(Λ))
as follows. The map η : X → Spec(Λ) sends each x ∈ X into mx. If
f ∈ Λ then η−1(D(f)) = S(f). Let ψD(f) be the composition of the
following canonical isomorphisms of rings:
OSpec(Λ)
(
D(f)
) ≃
// Λf
π′
f
// OX
(
S(f)
)
.
If D(g) ⊆ D(f) then by Theorem 3.1 (iv), S(g) ⊆ S(f), and the follow-
ing diagram is commutative:
OSpec(Λ)
(
D(f)
) ψD(f)
//

OX
(
S(f)
)

OSpec(Λ)
(
D(g)
) ψD(g)
// OX
(
S(g)
)
where the vertical arrows are the restriction morphisms. Hence there
exists a (unique) morphism of sheaves of rings η♯ : OSpec(Λ) → η∗OX
such that η♯D(f) = ψD(f) for all f ∈ Λ. In fact, η♯ is an isomorphism of
sheaves of rings.
Theorem 4.2. If X is a set then the ringed space (X,OX) is a sep-
arated scheme. Moreover, it is an affine scheme if and only if X is a
finite set.
Proof. If x ∈ X then the ringed space (U,OU) is isomorphic
to the affine scheme SpecKx where U = {x}. Hence, (X,OX) is a
scheme. If it is an affine scheme then X is a finite set since every affine
scheme is quasi-compact. Conversely, if X is a finite set then the map
η : X → Spec(Λ) between the underlying spaces is a homeomorphism.
Therefore η : X → Spec(Λ) is an isomorphism of schemes. Thus X is
an affine scheme. This shows that the affine opens of the scheme X are
precisely the finite subsets of X . Using this and Proposition 3.2 (ii),
then we get that the scheme X is a separated scheme. 
By the above theorem, the stalk OX,x is canonically isomorphic to
the field Kx.
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For a fixed field K, then the scheme (X,OX) with the structure
sheaf defined by OX(U) = Fun(A,K) has the functorial aspect. In
fact, if f : X → Y is a function and U is a subset of Y then we define
f ♯U := Fun(fU) where the function fU : f
−1(U) → U is induced by
f . It is easy to see that (f, f ♯) : (X,OX) → (Y,OY ) is a morphism of
schemes. In fact, the assignments X  (X,OX) and f  (f, f
♯) define
a (faithful) covariant functor from the category of sets to the category
of schemes.
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